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Abstract 

By the Cameron-Martin theorem, if a function / is in the Dirichlet space D, then 
B + f has the same a.s. properties as standard Brownian motion, B. In this paper we 
examine properties oi B + f when / ^ D. We start by estabhshing a general 0-1 law, 
which in particular implies that for any fixed /, the Hausdorff dimension of the image 
and the graph of B + / are constants a.s. (This 0-1 law applies to any Levy process.) 
Then we show that if the function / is H61der(i), then B + f is intersection equivalent 
to B. Moreover, B + f has double points a.s. in dimensions d < 3, while in d > 4 it does 
not. We also give examples of functions which arc Holder with exponent less than i, 
that yield double points in dimensions greater than 4. Finally, wc show that for d > 2, 
the Hausdorff dimension of the image of _B + / is a.s. at least the maximum of 2 and 
the dimension of the image of /. 
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1 Introduction 

By the Cameron-Martin theorem, if a function / is in the Dirichlet space, 

D[0, 1] = |f G C[0, 1] : 3/ G L'^[0, 1] such that F{t) = f{s)ds,yt G [0, 1]| , 

then B + f has the same a.s. properties as standard Brownian motion, B. When / is not 
in this space, then the laws of B and B + f are singular, i.e., there exists a Borel set A in 
C[0, 1] such that Lb(j4) = and L,B+fiA^) = 0, where and I^B+f are the laws of B and 
B + f, respectively. Thus, if / ^ D[0, 1], then there exists an almost sure property of B 
which is not an almost sure property of B + f. 

In this paper we consider functions / ^ Z)[0, 1], and investigate whether some specific a.s. 
properties of Brownian motion transfer also to B + f . 
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In Section [2] we establish a zero-one law for random set functions, Theorem 12.11 Here we 
state some special cases of this law. For a function / : [0, 1] — >• W^, denote its graph restricted 
to A C [0, 1] by 

G{f){A)={{t,f{t)):t^A}. 
When A = [0, 1], we abbreviate G(/)([0, 1]) as G{f). 

For concreteness, we state the following theorem for Brownian motion. Parts (a) and (c) 
apply to any cadlag process with independent increments. 

Theorem 1.1. Let {Bt, < t < 1) be a standard Brownian motion in and let f : [0, 1] — )■ 

M'^ be a continuous function. 

(a) Let A be a closed set in [0, 1]. Then F{C{B + f){A) > 0) G {0, 1}, where C stands for 

Lebesgue measure and [B + f){A) is the image of A under B + f . 

(b) Let A C [0, 1] be closed. Then ¥{{{B + f){A))° / 0) G {0, 1}, where D° stands for the 

interior of D. 

(c) dim(i3 + /)[0, 1] = c a.s. and dim G{B + f)[0, 1] = c' a.s. where c and c' are two positive 

constants and dim is the Hausdorff dimension. 

Remark 1.2. We know that in dimensions d > 2, Brownian motion without drift has 
volume. A natural question that arises is whether there exist functions / such that the 
Lebesgue measure of {B + /)[0, 1] is positive. Such functions have been constructed by 
Graversen [7]. For all d > 2 and all a < ^, Antunovic, Peres and Vermesi [2] construct an 
a-Holder continuous function, /, which makes the image oi B + f cover an open set a.s. 
Related results for Levy processes are in [5]. 

In Section [2T2] we discuss an example of an event which seems similar to those in Theorem ll.il 
yet does not follow a 0-1 law. This example answers a question of Itai Benjamini (personal 
communication) . 

Before stating the other results we obtain in this paper, we first recall some definitions. 

Definition 1.3. Let X = {Xt,t > 0) be a stochastic process. A closed set A C M'^ is called 
nonpolar for X, if ¥x{X hits A) > 0, for all x. Otherwise, it is called polar. 

Definition 1.4. Let S be a standard Brownian motion in 2 dimensions. We denote by B^, 
the Brownian motion killed after an independent Exponential time of parameter A. 

In Section [3] we obtain results about the hitting probabilities of B + f, when / is a Holder (i) 
continuous function. We recall the definition of Holder(a) continuous function: 

3K:yx,y \f{x)-f{y)\<L<\x-yr. 

We call K the Holder(a) constant of /. We will prove the following theorem: 

Theorem 1.5. Let {Bt)t be a standard Brownian motion in d > 2 dimensions and f a 
Holder (^^^ continuous function f : M+ — )■ M'^ with Holder constant K. 
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(a) If d > 3, then B + f and B are intersection equivalent, in the sense that there exist 
positive constants ci and C2 depending only on d and K such that for all x and 
all closed sets A C , we have 

ci¥^[B hits A) < P^.(S + / hits A) < C2^x{B hits A), 

where the notation ¥x{B + f hits A) means that Bq + f{0) = x. In particular, if a 
closed set A is polar for B, then it is also polar for B + f . 

(b) If d = 2, then for any hounded open set U , there exist positive constants ci and C2 
depending on K , on U and A such that for all x £ U and all closed sets A <Z U , we 
have that 

ci¥x{B^ hits A) < P^((B + f)^ hits A) < C2¥x{B^ hits A). 

Also if a closed set A is nonpolar for B, then it is also nonpolar for B + f and 
"^xiB + / hits A) = 1, for all x. Finally, if A, a closed set, is polar for B, then it is 
also polar for B + f . 

Next, in Section HI using the "intersection equivalence" given in Theorem 11.51 we show that 
when the function / is again a Holder (|) continuous function, then double points for B + f 
exist only in dimension d < 3, just like in the Brownian motion case. We will prove the 
following theorem: 

Theorem 1.6. Let {Bt,0 < t < 1) be a standard Brownian motion in d dimensions and let 
f he a Ildlderiy}^) function. 

(a) If d < 3, then, almost surely, B + f has double points. 

(b) If d > 4, then, almost surely, B + f has no double points. 

In Theorem 14 . 2 1 we show that in dimension d> 4, there exist / ^ Holder(^) such that B + f 
has double points. 

Remark 1.7. 1. The space of Holder(a) continuous functions functions is much larger than 
the Dirichlet space, D[0, 1]. Indeed, for any a £ (0, 1), most Holder (a) continuous functions 
(in the sense of Baire category) are nowhere differentiable. 

2. The value a = 1/2 is also the critical Holder exponent for other properties of Brownian 
motion with drift, such as positive area in 2 dimensions (see [7]) and isolated zeros in 1 
dimension (see [T]). 

Finally, in Section [5l we study the Hausdorff dimension of the image and graph of B + f, 
when / is a continuous function. 

From Theorem 11.11 (part c), we have that the Hausdorff dimension of the image and the 
graph are constants a.s. In Section [5] we obtain upper and lower bounds for these constants. 

Recall from McKean's theorem (see for instance [12^ Theorem 4.33]) that almost surely 

dimB{A) = (2 dim A) Ad. 

In the following Theorem we show that adding a continuous drift cannot decrease the Haus- 
dorff dimension of the image. 
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Theorem 1.8. Let f : [0, 1] — )• M'^, d > 1, be a continuous function and let [Bt, < t < 1) 
be a standard Brownian motion in d dimensions. Let A be a closed subset of [0, 1] . Then 

dmi{B + f){A) > max{(2dimyl) Ad,dim/(A)}. 

Our next result concerns the dimension of the graph. 
Theorem 1.9. Let f and B be as in Theorem 

(a) Ifd = l, ^/len dimG(5 + /) > max{|,dimG(/)}. 

(b) Ifd>2, then dimG{B + f) > max{2,dimG{f)}. 



2 0-1 laws 



In this Section we first prove the general zero one law announced in the Introduction and 
then apply it to give the proof of Theorem 11.11 



2.1 The theorems 



Theorem 2.1. Let {Q,J^,P) be a probability space. Let be a random set function, i.e. 
^ : X { closed sets in [0, 1]} — )■ [0, oo], such that ^{A) is a random variable for each closed 
set A C [0, 1] . Suppose that ^ satisfies: 

1. For /i, • • • , /j disjoint closed intervals, ^'(/i), • • • , ^'(/j) are independent random vari- 
ables. 

2. P(Vx G [0,1] : '^{x} = 0) = 1. 

3. ^{A) < '^{B) a.s., whenever A C B and they are both closed. 

4. With probability 1 ^{co, •) satisfies the following: Lf {Ai)i is a sequence of closed sets 
such that "^{Aj) = 0, Vj, and Uj^i ^-^ 0, closed set, then (U^^i ^i) = 0- 

ThenF{^ {[0,1]) > 0) G {0,1}. 



Proof. Let T>n denote the set of dyadic intervals of level n, i.e 

'k-1 k 



A; = I,-- - ,2" 



We declare an interval I G T>n to be good for the particular uj, if ^{L) > 0. Define 
Pj = P(^'(/) > 0). Let Zn denote the number of good intervals of level n, i.e. 

Z„ = 1(^(7) > 0). 

Then E(Z„) = ^iiz-d^Pi- From condition [U we see that Zn is an increasing sequence, thus 
E(Z„) is increasing and hence converges. There are two possibilities for the limit, it is either 
infinite or finite. 
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If t oo, i.e. 'Yl,i(=:Vn P/ t CO as n — )■ oo, then we define 

'k-l 



and 



V' 



V" 



2" 2" 
k-l k 



: A; = 1, 



2",A; is odd 



2" ' 2" 



: A: = 1, • • • ,2", A: is even I . 



Since Yli&VnPi t oo, at least one of the two sequences ^^^iiaX)' ^^/si?" con- 

verges to infinity. 

Assuming wlog that ^/g-p' Pi ~^ have that 



P(^([0, 1]) > 0) = P 



* [ U / j > j = F{31 G Vn s.t. ^{I) > 0) 
> ¥{31 G s.t. ^(/) > 0) = 1 - n (1 - W), 



where to get the second equahty we used conditions El and [Hand to get the last equality 
we used the independence assumption [H since the intervals in V'^ are disjoint. But 
YliaV'^Pi oo, so we get that P('I'([0, 1]) > 0) = 1. 

If E{Zn) t C*) where C is a finite positive constant, then we will show that P(^'([0, 1]) > 
0) = 0. We now declare a point of [0, 1] to be good for a particular if all dyadic 
intervals that contain it are good. 

It is easy to see that if for a realization w, there are at least k good points, then there 
exists no such that ZnQ{co) > k. So, if there is an infinite number of good points, then 
Z„ — )• oo as n — )• oo. Let ^(a;) denote the set of good points for the realization uj. 
Then we have that 

E(Z„) >E(Z„1(|S| =oo)). 

If P(|5| = oo) > 0, then from the discussion above and using monotone convergence 
we get that E{Zn) t co, which contradicts our assumption that E{Zn) t C. Hence 
a.s. there are only finitely many good points. 

So, for a.a. uj, we have that |5'(a;)| < oo. Take such an oj. Then we write V = U„2?„ 
and we have 



[0,1] = 5MU U /, 



/6l> 
'^(/)=0 

because if an interval / has no good points, then ^'(/) = 0. Indeed, assuming the 
contrary, i.e. that ^(/) > 0, then we would get a decreasing sequence /„ of closed 
intervals with ^{In) > and of lengths converging to 0. But since the space is 
complete, the intersection of these closed intervals would have to be non-empty, and 
hence we would obtain a good point. 

Thus, since by condition [2] we have that ^{S{uj)) = 0, then using also condition [J] we 
get that ^'([0, 1]) = 0. Hence we showed that in this case ^'([0, 1]) = a.s. 



□ 



Remark 2.2. Let /i be the counting measure for the Poisson process on [0,1]. Then it 
satisfies all conditions of Theorem 12.11 except for ([2]), yet there is no 0-1 law. 

Corollary 2.3. Let X be a continuous process on [0, 1] that satisfies ¥{A\B) > c¥{A), for 
all A G a{X{s) — X{t) : s > t} and B G a{X{s) s < t} for some constant c < 1, and let 
f be a continuous function. Then it satisfies again a 0-1 law, namely P(£((X + /)[0, 1]) > 
0) G {0,1}. 

Proof. We divide the unit interval in dyadic subintervals in the same way as before and 
declare an interval I good if C{{X + f){I)) > and let Zn be the total number of good 
intervals of level n. Then there are again two possibilities, either E{Zn) — )• oo or — )• C, 
where C is a finite positive constant. In the second case, everything follows in the same way 
as in the proof of Theorem 12.11 Now, if E{Zn) — ?• oo, i.e. in the same notation as above 
YlieVn Pi ^ then we have 

P(£((X + /)[0, 1]) > 0) = P(3J e Vn : C{{X + f){I)) > 0) 
= 1 - P(V/ G + /)(/)) = 0). 

But P(V/ G Vn,C{{X + /)(/)) = 0) < n/e©„(l " ^p/), using the assumption on the 
conditional probabilities. But n/eo ~ '^Pi) — )• as n — )• oo, since X^/gx) Pi ~^ hence 
we get that 

P(£((X + /)[0,1])>0) = 1. 

□ 

Using Theorem 12. H we can easily deduce Theorem 1 1 . 1 1 stated in the Introduction. 

Proof of Theorem For part (a) we define ^'(/) = C{B + /)(^ n /) and then we use 
Theorem 12. 1[ 

For part (b) we define ^{I) = 1{{{B + f){An ^ 0). The only condition that requires 
some justification isSl 

Let Ai be a sequence of closed sets with closed union and such that {{B + f){Ai))° = 0, Vi. 
Then {{B + /)(U^i))° = {U{B + f){Ai)y, and since the sets Ai are closed and B + f is 
continuous, then Vi, {B + f){Ai) is also a closed set. From Baire's theorem we get that the 
interior of {U{B + f){Ai)) is empty, since otherwise one of the sets would have nonempty 
interior. 

To prove part (c), let ^(/) = l(dim(i3 + /)(/) > c). Then it is easy to see that ^ satisfies 
conditions [H [2] and [3l Finally condition H] follows from the countable stability property of 
Hausdorff dimension. □ 

Remark 2.4. Note that it is crucial that the function / in Theorem 11.11 be deterministic. 
If / is an adapted continuous function, then the 0-1 law could fail. Here is an example: Let 
Bt = [Bl,Bf) be a two dimensional Brownian motion started from the origin. Let At be a 
process defined as follows: for t < \, define = and for t > if B\ > 0, then let A^ 
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be the modified Hilbert curve as defined in [2], otherwise set it to 0. In p] it is proven that 
B + A is space filling. Then we have that 

¥{C{B + ^)[0, 1] > 0) = F{B\ > 0) = ^. 

2 2 

We now generalize Theorem 12. II to any Polish space X. 

Theorem 2.5. Let {Q,J^,¥) be a probability space. Let X be a Polish space, i.e. a complete 
separable metric space. Let ^ be a random set function, i.e. ^ : x {compact sets of X} — )• 
[0,cx3] such that for each compact subset A of X, we have that ^{A) is a random variable 
and it satisfies the following: 

1. ^'(/i), • • • , ^'(/j) are independent random variables for /i, • • • , /j disjoint closed balls, 

2. P(Vx G X : ^{x} = 0) = 1. 

3. ^{A) < ^{B) a.s., whenever A C B and they are both compact and 

4. With probability 1 ^{u, •) satisfies: if {Ai)i is a sequence of compact sets such that 
'^{Aj) = Vj, and U^i ^-^ o compact set, then ^ ^Uj^i — 0- 

Then we have thatr{^ {X) > 0) G {0, 1}. 

Proof. Since X is separable there exists a countable dense subset, which we denote by D. 
Let r = {i?(x, r) : X £ D,r G Q}. For a particular oj, we declare a closed ball B to be good 
if ^{B) > 0. A subset A of F is of type 1 if it contains only disjoint sets. For such a A 
we define Z\ to be the number of good balls in A. Then E(Z/<^) = YlseA^i^i^) ^ ^) ^^^'^ 
there are two possibilities. 

• If sup^(-r. type 1 EfieA > 0) = 00, then if A is of type 1, we get 

F{^{X) > 0) > F{3B £ A : ^{B) > 0) = 1 - Yl{l- F{^{B) > 0)) 

> 1 - exp(- P(^(S) > 0)). 

BeA 

Taking sup over all A C F of type 1, we deduce that ¥{^{X) > 0) = 1. 

• If sup^(-p. typg I X^^gA F{'^{B) > 0) < 00, then again for an a; G we declare a point 
of X to be good, if every ball in F that contains it is good. Note that if there are at 
least k good points, then there must exist a family A of type 1, such that Z\ > k. 
Let ^(a;) denote the set of good points. On the event that |«S'(tj)| = 00, we can find 
a sequence (A^)^ such that Z{An) t 00. Thus, if Pd-SI = 00) > 0, then by monotone 
convergence we get that sup^^p. ^yp^ i J^BeA^i'^i^) > 0) = 00, contradiction. Hence 
there is only a finite number of good points, S, and we now decompose X as 

X = S[j U B. 

Ber:Bns=0 
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For any B that does not contain any good points we have that ^{B) = 0, since if 
^{B) > 0, then we could cover i? by a countable number of balls of radius | and one 
of them would have ^{Bi) > and continuing in the same way we would obtain a 
decreasing sequence of closed balls of radii tending to and thus since the space is 
complete, this intersection would have to be nonempty, hence we would obtain a good 
point. 

Finally using conditions [2] and [3] we get that a.s. "^{X) = 0. 

□ 

2.2 An event of intermediate probability 

Here we present an event that seems similar to those discussed in Theorem, yet does not 
obey a 0-1 law. This example was mentioned in |12l Exercise 9.8], but there the proof is 
only sketched. We include it here with more details. 

We first recall the definition of the capacity of a set. 

Definition 2.6. Let : M"' x R'^ [0, oo] be a kernel and A a Borel set in R'^. The 
A'-energy of a measure /i is defined to be 

^KifJ^) = j j K{x,y)dn{x)diJ,{y) 
and the ET-capacity of A is defined as 

Cap^(A) = [mf{£K{lJ') '■ a probability measure on A}]^"*^. 

When the kernel has the form K{x,y) = \x — then we write SaifJ-) for SxifJ-) and 

Cap^(^) for Cap^(A) and we refer to them as the a-energy of fj, and the Riesz o-capacity 
of A respectively. 

We recall the following theorem (its proof can be found in \12\ Theorem 4.32] for instance), 
which gives the connection between the Hausdorff dimension and the Riesz a-capacity, 
because it will be used extensively in this paper. 

Theorem 2.7 (Frostman). For any closed set A C M'^, 

dim A = sup{a : Cap^{A) > 0}. 

Example 2.8. Let {Bt,0 < t < 3) be a standard Brownian motion in one dimension. 
Let A he a closed subset of [0, 3] . Then we will show that it is not always true that 
¥[B is 1-1 on A) G {0, 1} . 

Proof. It is clear that if A is any closed interval, then the above probability is 0. 

We are going to use the following equivalence ([9l Theorem 1.1]): for any two disjoint closed 
sets Aq and Ai, 

P(S(Ao) n B{Ki) / 0) > <^ Capi (Ao x Ai) > 0. (2.1) 
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Let 

oo 

^0 = { 1^ : Xn G {0, 1} and VA;, Vn G ((2A:)!, {2k + 1)!], x„ = 0} 

n=l 

be a closed subset of [0, 1] and let 

oo 

= {2 + ^^ :x„ G {0,1} and V/c,Vn G ((2/c - 1)!, (2/c)!], x„ = 0} 

n=l 

be a closed subset of [2, 3]. 

We will show that ¥{B is 1-1 on Aq U Ai) ^ {0, 1}. This probability is equal to 
P(5(^o) n B{Ai) = 0,B is 1-1 on Aq, B is 1-1 on ^i). 

We have that P(B(Ao) n B{Ai) / 0) is strictly smaller than 1, since Aq C [0,1] and 
Ai C [2, 3] and with positive probability the images of [0, 1] and [2, 3] under Brownian 
motion are disjoint. 

It is easy to see that dim(j4o) = 0. Indeed, for each A;, we can cover Aq by at most 2''^'^^' 
dyadic intervals of length 2^(^'^+^)'. Hence, for all /c, 

'H'^{Aq) < 2(2fc)!(2-(2^+i)')° ^0, as A; ^ oo. 

The same argument also gives that dim(j4o x Aq) = and dim(j4i x Ai) = 0. 

Note that Aq + Ai = {x + y : x £ Aq, y G Ai} = [2, 3] and since the mapping f : Aq x Ai ^ 
[2,3] given by f{x,y) = x + y is Lipschitz with constant 1, we get that dim(^o x Ai) > 1, 
and hence by Theorem 12.71 Capi(j4o x Ai) > 0, so from (12. ip we deduce that 

2 

F{B{Aq) n B{Ai) / 0) > 0. 

We now want to show that ¥{B is 1-1 on Aq) = 1 and similarly for Ai. 
Let A = {(x, x) : X G M} and note that we can write 

AqxAq\A= \J {[a,b]nAQ) X {[c,d]nAQ). 

[a,b]n[c,d]=0 

We now have 

¥{B not 1-1 on Aq) = P(3 {s, t) e Aq x Aq\A : B{s) = B{t)) 

< Yl nB{[a,b]nAQ)nB{[c,d]nAQ)^0). 

a,b,c,d&Q 
[a,fe]n[c,d]=0 

But [a,b] n Aq and [c, d] D Aq are disjoint and closed sets, so from (|2.1|) we get that 

F{B{[a, b] n ^o) n B{[c, d] D Aq) / 0) = 0, 
since dim(([a, b] D Aq) x ([c, d] D Aq)) = 0. 

Therefore we deduce that F{B is 1-1 on Aq U ^i) = ¥{B{Aq) n -B(^i) = 0), and hence 
strictly between and 1. 

□ 
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3 Hitting probabilities 



In this section, we are going to give the proof of Theorem 11.51 We will need a preliminary 
Proposition, given just below, which compares the Green kernels for B and B + f . Recall 
that the transition density of the Brownian motion in d dimensions is 

, , 1 l^-j/l^ 



, , d 

(27ri)2 



and the corresponding Green kernel is 

poo 

G{x,y) = / p{t,x,y)dt. 
Jo 

Similarly the transition density for B + f is given by 

p{t,x,y)=p{t,x-f{0),y-f{t)) 

and the corresponding Green kernel is given by G{x,y) = p{t,x,y) dt. 

In dimension 2 we consider the Green kernel for the killed process G\{x, y) = e~^^p{t, x, y) dt 
and define G\ analogously. 

Proposition 3.1. Let {Bt)t he a transient Brownian motion in d > 2 dimensions. In 
dimension 2 we kill the Brownian motion after an independent Exponential time of parameter 
A. Let f he a Hdlder{^) continuous deterministic function f : — )■ R'^ with Holder constant 
K and let G{x, y) he the Green kernel of the process B + f . 



(a) If d > 3, then there exist positive constants ci and C2 depending only on d and K , 
such that for all x,y ^ M*^, we have ciG{x, y) < G{x, y) < C2G{x, y) . 

(b) If d = 2, then for all C > 0, there exist positive constants ci and C2, depending on 
G, K and \, such that for all x,y G such that \x — y\ < G, we have that 
ciGx{x,y) < Gx{x,y) < C2Gx{x,y). 

Proof of (a). Since \x - y + f{t) - /(0)| > - y| - \f{t) - /(0)||, we have that 

l^-i/l^ l^-y||/(t)-/(0) l/(t)-/(0)r 



G{x,y) < / jc 2t e t e at dt, 

Jo (27rt)2 

and since / is Holder(i) we have that \ f{t) — /(0)| < Ky/i, for all t for a positive constant 
K, and setting r = |x — y| we get 

f°° 1 _i£ ^ /"*° 1 _ri f°° 1 
G{x, y) < je 2teVtdt < / je 4t dt + c' / je at dt, 

Jo (27rt)2 Jo (27rt)2 J to (27rt)2 

where t^ = cr"^ and c is a sufficiently small constant. We also have that 

«3 1 2 

je-^dt = c{d)r'^-'^, 

(27rt)2 
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(see for instance [IS Theorem 3.33]). So, 

rkt -j^ 2 r°° \ 2 / r \ 

h {27rt)2 Jo (27rt)2 W^J 

thus there exists a uniform positive constant ci such that for all x and y 

G{x,y) < ciG{x,y). 

For the lower bound, using again the Holder continuity assumption on /, we have 

, f°° I l/W-/(o)l^ r\i(t)-im , 1 , ^, ^ 

(j\x,y)> I jc 2t e 2t e « at > c jc ate at > C2G[x,y), 

Jo (27rt)2 Jo (27rt)2 

for a positive constant C2, uniform over all x and y. The last inequality follows in the same 
way as the upper bound above. □ 

Proof of (b). Let x and y satisfy r = \x — y\ < C, for C > 0. Then for t^ = ar'^, for a a 
sufficiently small constant, we have that 

/"OO 1 2 x?' /"^t* 1 2 /'OO 1 2 

Gx{x,y)< e~^e^e~^*dt < / e~^^ e'^^dt + e^/^ e"^e^^^dt 

Jo 27rt Jo 27ri J^.^ 27rt 

/■2to 1 2 /"O^ 1 2 

/*2io 1 2 /"^ 1 2 

The lower bound follows similarly. □ 

Proof of Theorem \1.5\ (a). From [31 Proposition 1.1] or [121 Theorem 8.24] we have that 
for any transient Brownian motion 

^CapM(^) < Pxo(5 hits A) < Cap^iA), (3.1) 

where M is the Martin kernel, defined by M{x, y) = and ^ is a closed set. To prove 

the theorem, it suffices to establish that there exist positive constants ci and C2 depending 
only on the Holder constant of / such that for all starting points xq and all closed sets A 

ciCapA/(^) < Pxo(^ + / hits A) < C2CapA/(A). (3.2) 

The proof of Theorem 8.24 in [12] can be adapted to show this; we will give the details for 
this adaptation for the upper bound on the hitting probability. 

Let T = inf{t > : 5i + f{t) £ A} and let be the distribution of Br + /(r). The total 
mass of u is i'{A) = ^xoi'T < cx)). From the definition of the Green kernel G for B + f we 
have that for any y 

E ±{\Bt + f{t)-y\<e)dt= G{xa,z)dz. (3.3) 

Jo Jl3{y,e) 
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Using Proposition 13. H we obtain that there exist constants c and d that depend only on 
the Holder constant of / such that for all xq and z 

cG{xo, z) < G{xo, z) < cG{xo, z). (3.4) 

Integrating over all t the inequality 

¥,,{\Bt + f{t)-y\<e)>¥^,{\Bt + f{t)-y\<e,T<t), 

we get 

poo poo 

l{\Bt + fit)-y\<e)dt>E,J l{Bt+r + f (t + t) - y\ < e) dt 
Jo Jo 

= E^,E^.J/ l{\Bt+r + f{t + T)\<e)dt\Tr]=E^,[ [ Gr{x, z) dz du{x), 

\Jo J J A JB{y,e) 

where Gr is the Green kernel for the process Bt+r + /(t + r), given by 



Grix,y) 



POO 

/ pit,x- fiT),y- fit + T))dt. 
Jo 



Given J-r, by the strong Markov property Bt+r — Bt is a standard Brownian motion inde- 
pendent of the past and B^ + f{t + r) is a Holder(l/2) function, independent of Bt+r — B^, 
with the same Holder constant as /. Therefore, given Jv, for all x and z we have 

cG{x,z) < Gr{x,z) < c'G{x,z), 

for the same constants c and c' appearing in (|3.4p . since they only depend on the Holder 
constant of /. 
We thus obtain 

poo p p 

E^„ / l{\Bt + fit)-y\<e)dt>c / G{x, z) dz di^{x) 

Jo JAJB{y,e) 

and combining that with (j3.3p and using ()3.4p we deduce that 



c / G{xo,z)dz>c / / G{x, z) dz dv{x). 

JB{y,e) J A JB{y,e) 

Dividing through by >C(i3(0,e)) and letting e — )• we obtain 

c!G{xQ,y) >c G{x,y)di'{x), 
J A 

and hence, i^{A) < ^Capj,f(A). □ 



It is a classical fact that Brownian motion in 2 dimensions is neighborhood recurrent. In 
the following lemma we will prove that the same is true for S + /, if / is a Holder (1/2) 
continuous function. 

Lemma 3.2. Let f be a Holder(l/2) continuous function, f : — )• and B a standard 
Brownian motion in 2 dimensions. Then B + f is neighborhood recurrent. 
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Proof. Let D denote the unit ball in M^. Without loss of generality, we will show that 
B + f hits D infinitely often almost surely. Let G M^. We will prove that 



{^{B + f hits D after time n}^ =1. 



The event (~]^^{B + / hits D after time n} is a tail event for Brownian motion, and hence 
has probability either or 1. Also, 

f r]{B + f hits D after time n} ] = hm P,^, {B + f hits D after time n) . 

Vn' J 

2 

Let T = ^{\Bt + f{t)\ ^ 1) dt, which is the time spent in the unit ball between n and 
n^. Then 



/ F^{\Bt + fit)\<l)dt 

J n 



and there exist positive constants ci and C2 that depend only on the Holder constant of / 
such that for all t > \w\'^, 

j<F«,(|i?t + /(i)l<l)< J- 

We thus obtain that 

lE^(T) > calogn. 
For the second moment of T we have 

9 9 

E^(r2) = 2E^/ / l{\Bt + f{t)\<l)l{\Bs + fis)\<l)dtds 

J n J s 

1^ dtds <2 j — j {p- duds < c(logn)^ 



<2/ £1/ f^A 



for a positive constant c. Therefore, applying the second moment method to T, namely 
F«,(r > 0) > I^P^, we get that P^(r > 0) > f > 0, and hence 



c2 

{B + f hits D after time n) > P.a,(r > 0) > ^, 



which concludes the proof of the lemma. □ 



Proof of Theorem \1.5\ (b). From [3l Proposition 1.1] or [121 Theorem 8.24] we have that 

\c&VmM) < lP-o(^ hits A) < CapM,(^), (3.5) 

where Mx is the Martin kernel for the killed Brownian motion B^ defined by Mx{x,y) = 
G\{xoy) • prove the first part of the theorem it suffices to establish that for any bounded 
open set U , there exist positive constants ci and C2 that depend only on [/, on the Holder 
constant of / and on A such that for all xq £ U and all closed sets A C U 

ciCapA^JA) < F,,i{B + f)^ hits A) < caCapA/JA). (3.6) 
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The proof of that follows in the same way as the proof of (13. 2p using also Proposition l3.1( part 
(b)). 



For the second part of the theorem, let ^ be a nonpolar set for B, i.e. Pu(-B hits A) > 0, 
for all starting points u. By neighborhood recm'rence of Brownian motion, we get that this 
probability is indeed equal to 1. Let i?'^ and {B + f)^ denote the processes killed after an 
Exponential time of parameter A independent of the Brownian motion. Let x G M^. We can 
find a small A such that 

Pi.(5^ hits A)> c and Po(-B^ hits A) > c, 

for a positive constant c. Using (|3.6p we deduce that also + f)^ hits A) > 0, and 

hence 

¥^{B + f hits A) > 0. 
We now need to show that ¥x{B -\- f hits A) = 1. 

The event {B+f hits A i.o.} is a tail event, and hence has probability either or 1. Without 
loss of generality we assume that A is separated from the ball of radius 2 centered at the 
origin. By (13. 6p for a ball C of radius ^ around 0, we can find positive constants C3 and C4 
that depend only on C and on the Holder constant of / , such that for all z in C we have 
that 

C3F,{B^ hits A) <F,{{B + f)^ hits A) < CiF^{B^ hits A). (3.7) 
First we will show that 

inf Fy{B^ hits A) > C5 > 0, (3.8) 

y&C 

and hence, using (j3.7p . we will get that 

inf + / hits ^) > C6 > 0. (3.9) 

To show (j3.8p . we will show that for all xq G C 

Fx,-,{B^ hits A) > cjFoiB^ hits A), (3.10) 

for a positive constant cy. 

The probability Po(-B^ hits A) is bounded from above by the probability that a Brownian 
motion without killing started from hits the boundary of 13{xq, 1), denoted by dB{xo, 1), 
where B{xq, 1) is the ball of radius 1 centered at xq G C , and then starting from the hitting 
point an independent Brownian motion with Exponential(A) killing hits A. Using Poisson's 
formula (it can be found in (121 Theorem 3.44] for instance) we obtain 



Fo{B^ hits A) < [ ^— -i^P^(5^ hits A)dw{z) <4 [ F^{B^ hits A)d 

JdB{xo,l) JdB(xo,l) 
where w stands for the uniform distribution on the sphere dB{xQ, 1) We also have 

F,,{B^ hits A)= [ Pxo (796(0=0,1) < T{X))F,{B^ hits A)dzj{z) 
JdB{xo,l) 

= C8 I F^{B^ hits A)dzu{z) > ^Fo{B^ hits A), 
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where T(A) is the Exponential kilhng time of parameter A and cg = Pj^(Tgg(y < T(A)), a 
constant independent of y. 

Let Tn = inf{t > n : B{t) + f{t) € C}. By the neighborhood recurrence, Lemma [3.2^ we get 
that Tn < oo a.s. and thus we have 

^x{B + f hits A after time n) > ¥^{3 + / hits C after time n, then hits A) 
> inf ¥y{B{t + Tn) + fit + Tn) hits ^) = inf P„(S(t) + /(t) hits A), 

where -B(t) = B{t + T„) — B{Tn) is by the strong Markov property a standard Brownian 
motion and f{t) = f{t + Tn) — f{Tn) + y, which is still Holder(l/2) continuous with the 
same constant as / and conditioned on T„, / is independent of B. Hence, from (|3.9p . since 
the constant cg depends only on the Holder constant of /, we finally get that 

P^.(S + / hits A after time n) > cg > 0, 

therefore 

P^(B + / hits A i.o.) = 1. 

The last part of the Theorem, namely that polar sets for Brownian motion are also polar sets 
for B + f follows easily from equation ()3.7p , and this completes the proof of the theorem. □ 

4 Double points 

In this section, we give the proof of Theorem 11.61 which was stated in the Introduction. 
Some of the proofs in this section are similar to those for Brownian motion without drift. 

Theorem 4.1. Let Bi and B2 he two independent Brownian motions in d dimensions and 
let fi and /2 be two Hdlder{^) continuous deterministic functions /i, /2 : K+ — >• with the 
same Holder constant, K . 

(a) If d > A, then, almost surely, [Bi + /i)[0,oo) and {B2 + /2)[0,oo) have an empty 

intersection, except for a possible common starting point. 

(b) Ifd<3, then, almost surely, the intersection 0/ + /i)[0, 00) and (B2 + /2)[0, 00) is 

nontrivial, i.e. contains points other than a possible common starting point. 

Proof of (a). First we will show that P(i32[0,oo) intersects + /i)[0, 00)) = and then 
using the intersection equivalence of B2 and i?2 + /2 from Theorem 1 1.5 1 we will get the result. 
Recall from the Proof of Theorem 11.51 the definition of the Martin kernel M. Conditioning 
on ii?2[0, 00) and using the independence of Bi and B2, we get from ()3.2p that there exist 
positive constants ci and C2 such that 

ciE(CapA/(-B2[0,oo))) < P(S2[0,oo) intersects (Si + /i)[0, 00)) < C2E (CapA/(S2[0, 00))) . 

From [111 Proof of part a, Theorem 9.1] we have that E (Cap^j-(B2[0, 00))) = 0, and hence 
concluding the proof. □ 



15 



Proof of (b). If d = 3, then, almost surely, Cap^(-B2[0, oo)) > 0. We suppose first that 
Bi + /i and B2 + /2 start from different points, the one from and the other one from x. 
We then have 

nA{B2 + /2)[0, 00) intersects (Bi + /i)[0, 00)) > c{K, \x\) > 0, 

where c{K, \x\) is a constant that only depends on the Holder constant K and on the distance 
between the starting points. This follows from Proposition 13. H rotational invariance of 
Brownian motion and the fact that after a rotation / is still a Holder (^) function with the 
same Holder constant as /. Also, by scaling invariance of Brownian motion and the fact 
that for any a 7^ is also Holder (^) with the same Holder constant, we get that the 

probability of intersection is lower bounded by a constant that only depends on the Holder 
constant and not on the starting points. Thus we have 

1P((52 + /2)[0,oo) intersects {Bi + /i)[0,oo)) > c{K) > 0. (4.1) 

Let q < 1 — c{K) < 1 be the supremum over the starting points of the probability that 
(-Bi + /i)[0, 00) and [B2 + /2)[0, 00) do not intersect. Then there exists t big enough so that 

P(S2(i2) + /2(t2) / Bi{ti) + for all < ti,t2 < t) < Q + e. 

By the Markov property, 

g<P(S2(t2) + /2(t2) ^Sl(tl)+/l(tl),Vtl,t2 <t)x 
IP(^2(t2) + /2(t2) /Sl(tl)+/l(tl),Vtl,t2 >t) <g('? + e) 

and as e > was arbitrary, we deduce that q < q^, and hence q = 0. If i?i + /i and B2 + /2 
start from the same point, then we write 

P(52(t2) + /2(t2) / Biih) + for all h,t2 > 0) 

= limP(52(t2) + /2(t2) /5l(tl) + /l(tl),Vtl,t2 >t) =0, 

which follows from the Markov property of Brownian motion applied to time t. 

For dimensions d < 3, we project the 3-dimensional motion on the lower dimensional space 
to obtain nonempty intersection a.s. □ 



Proof of Theorem \1.6\ (a). We will adapt the proof of [121 Theorem 9.22]. Let 
X,(t) = B(i + *)+/(i+t)-B(l)-/(l) and 

Then, since Xi and X2 are independent, by the independence of the increments of the 
Brownian motion, we get from Theorem 14.11 that Xi and X2 intersect almost surely, thus 
giving the result. □ 
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Proof of Theorem \1.6\ (b). Let a G [0, 1] be a rational number. We will show that almost 
surely, there exist no times 0<ti<a<t2<l with B{ti) + /(ti) = B{t2) + /(i2)- Let Xi 
and X2 be given by 

Xi{t) = B{a + 1) + /(a + t)- B{a) - f{a) and X2{t) = B{a -t) + f{a -t)- B{a) - f{a). 

Then by the independence of the increments of Brownian motion we get that Xi and X2 are 
independent. By the Holder assumption on / we get that f{a + t) — f{a) and f{a — t) — f{a) 
are also Holder (i) continuous functions. Hence from Theorem 14.11 we deduce that Xi and 
X2 will not intersect almost surely, thus giving the result. □ 

So far we have shown that when the drift / is a Holder(^) function, then B + f has no 
double points in dimension greater than or equal to 4 and has double points in dimension 
below 4. We will now give an example where adding the drift causes B + f to have double 
points in dimension greater than 4. 

Theorem 4.2. Let X be a fractional Brownian motion in d > 4 dimensions with Hurst 
index a < f and let B be an independent standard Brownian motion in d dimensions. Then 
a.s. B + X has double points. 

Proof. In |10( Theorem 2] it is proven that a fractional Brownian motion in d dimensions 
with Hurst index a < 2 double points a.s. Kono's proof works to show that B + X has 
double points. The only thing we need to check is that the correlation function r' defined 
below satisfies the same two inequalities as in [10]. Let a,5,L be positive numbers and let 
■s, t, u, V be real numbers satisfying: 

a < \s — t\ < a + 4:6, a < |n — w| < a + 4(5 
min{|s — u\,\s — v\,\t — u\,\t — v\} > L. 

We now let 

_ E((X, + B,-Xt- Bt){Xu + Bu-X,- B,)) 
{\s - t|" + ^/\s-t\){\u - vl" + ^/\u-v\) 
\t — u\^°' + \t — u\ + \s — f + |s — -y] — |s — tip" — \s — u\ — \t — -yp" — \t — v\ 
2{\s - + ^\s - t\){\u - t;|- + V|n - v\) 

It is easy to see that by choosing L large enough compared with a and 5 we get that \r'\ < e, 
for e > 0. Indeed, define f{x) = \x — up" — \x — fp", for x < u,v. Then 

\r'\ < ca-2"|/(t) - f(s)\ = c'a-^'^lt - s\\u - v\\^' - Cp"-^ 

where ^ G is,t) and ^' G {u, v) , by applying the mean value theorem twice. Since 2a — 2 < 0, 
we get that \r'\ < e for L large enough. 

We will now explain how we get the second inequality that r' satisfies, namely that 

1 - / > c{\s - tx|2" + \t- t;|2")a-2", (4.2) 
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for a positive constant c, when s, t, u, v are as follows: 

|s - u| < 2S, \t-u\ < 25 
min{|s — t|, |s — -yj, |t — |u — v\} > a. 

By translation and scaling it suffices to consider the case when s = 0, t = 1 and v = 1 + 7 
and wlog we assume that u < j. Thus it suffices to show that 

4((1 + 7 - + (1 + 7 - u)^) - (1 - n)2° - 2 + 2u - (1 + 7)2" + u^" + 7^" > 07^°, 

for a positive constant c. Using Taylor expansion to first order terms and using the fact 
that a < 2-, i-e- 2a < 1, and that we can make 7 as small as we like since it is smaller than 
6, we get inequality (|4.2p . □ 



5 HausdorfF dimension of the image and graph 

We will now state a classical result that will be used in the proof of Theorem II .81 We include 
its proof here for the sake of completeness. 

Lemma 5.1. Let {A,d) be a compact metric space and / : ^4 — )• M a continuous function. 
If u is a probability measure on K = f{A), then there exists a probability measure n on A 
such that V = fio f"^ . 



Proof. Define a linear functional ^ on the closed subspace T = {ipof\(p G C(A')} of C(^) by 
^(990/) = Jj^ip dv. Clearly, H^*!! = 1. By the Hahn-Banach theorem, ^ can be extended to a 
linear functional ^ on C{A) of norm 1. Since ^'(1) = 1, by the Riesz-representation theorem, 
there exists a probability measure /.t on A such that ^{g) = J^^gdi-t, for all g £ C{A). □ 



Proof of TheoremlTTE We wiU first show that dim(S + f){A) > (2dim^) A d a.s. Let 
a < dim AA^. Then by Theorem 12.71 there exists a probability measure fi on A with finite 
a-energy, i.e. SaifJ-) < 00. We now define a random measure jl on {B + f)iA) given by 
/2(D) = ^{{B + /)-i(Z))), for any D C {B + f){A). Thus if we show that 

TW{f frw Tff I I ^A(^) d^y) r dii{s)d^i{t) 
^^'^''^'^^ I l^^^^W^ = ^hh \B, + fit)-B.-fisr^ < 



then using Theorem 12. 71 we will conclude that dim(i? + /)(^) > 2a a.s. and hence by letting 

d 

2 



a t dim A A | we will get the result. 



Applying Fubini we get that 

so we need to estimate the expectation appearing in the last integral. 
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Take t > s, and write /3 = \/t — s and u = f{s) — f{t). Then we want to evaluate 



.|2 



_ 1 f 1 , 1 /" 1 e-— , 

Define g{x) = e 2 and = -pjjW- They are both decreasing functions of \x\ and hence 
using that for ah S M*^ we have that 



we get that 



(5(2;) — g(x — vS))(h(x) — h(x — w)) dx > 0, (5.1) 



2 ^|^|2 

1 /■ 1 , /■ 1 e 2~ 

d:r< / — ^^^dx. (5.2) 



(2vr)il^-fP" -y (2vr)il/?' 
Hence we obtain that 

E: ^- --TT^ < E- 



\Bt + fit) -Bs- /(s)|2- - \Bt - B,|2° 

and thus 



n£2am < E 



1 rl 







d^{s) d^{t) 



\Bt — B. 



\2a ■ 



The rest of the proof follows in the same way as the proof of McKean's theorem (see for 
instance [12\ Theorem 4.33]). 

We will now show that dim(i? + f){A) > dim /(A) a.s. Let a < dim/(j4) < d. Then again 
by Theorem 12.71 there exists a probability measure v on K = f{A) with finite a-energy, 
that is Sa{^) < 00. By Lemma |5.H we can find a probability measure v on A such that 
y = y o f"^. Then 

du{x) du{y) _ /"^ /"^ du{s) du{t) ^ ^ 



kJk Jo Jo \f{s)-f{t)\ 

We finally define a random measure fi' on Kf = {B + f){A) by ij!{D) = ^{{B + f)~^{D)), 
for any D C Kf. We want to show that 

E{£^{fi')) < 00, 

and hence using the energy method again we will deduce that dim(i?+/)(yl) > a a.s. Finally, 
just as before, letting a t dim/(^) we will obtain that almost surely dim(i? + f){A) > 
dim /(A). 
We now have that 



k,Jk, Jo J« \B,+f{s)-B,-f{t)\ 



Take s > t and set (3 = \/s — t and w = f{s) — f{t). 



1 „ 1 ^ 1 



IE = w = w = / p — 2~ dr 

\B, + fis)-Bt-f{t)\'- \/3B, + wl'- /3"|i?i + f|" 13^ J (2vr)f |:e + 



|2 
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Let M = |. Then 



f 1 _N! , f 1 _\JE}1 , f 1 _N! , 

/ — e 2 dx = / 7 — e 2 + / ■; ;— e 2 



^ ci ^ /■ 1 , ci , ^ C3 

< ■; ; h e 4 / ■; — OX = ■; ; h CoC 4 / flr < — 

" 1^1° J\x\<\u\ kl" Jo ~ \< 



since d> a. Hence, 



+ -/(()!■> - |/(t)-/(s)l" 

and thus using (|5.3p we deduce that 

E(£'„(//')) < oo. 



□ 



Remark 5.2. We note that when / is a 7-Holder continuous function, then dim/(^) < 
;^dimj4 and similarly for Minkowski dimension. Hence using the a.s. a-Holder continuity 
property of B for any a < ^, we deduce that dim(i? + f){A) < max{2, ^jdimA. We also 
note that for any function / we have that almost surely 

dim(S + f){A) < dimMB{A) + dim/(A) < 2dimA/^ + dim/(^), (5.4) 

where dim^^ denotes the Minkowski dimension. The first inequality follows from jlH The- 
orem 8.10] and the second from the Holder property of Brownian motion. 

Remark 5.3. We note that the lower bound for the Hausdorff dimension of the image of 
B + f given in Theorem 11.81 is sharp in some cases. For example let X be an independent 
fractional Brownian motion in d > 2 dimensions of Hurst index a. Then it is /3- Holder 
continuous for any (3 < a and it is known that almost surely dim(ImX) = ^ Ad ([H Chapter 
18]). Therefore dim(Im(S + X)) = max{2, ^ A 4 a.s. 



We now give an example where the lower bound from Theorem 11.81 is not sharp and where 
the upper bound given in ()5.4p is almost sharp. 

Example 5.4. Let i? be a standard Brownian motion in 3 dimensions and let f{t) = 
(/i(t),0, 0), where /i is a fractional Brownian motion independent of B of Hurst index a. 
Then dim/[0, 1] = 1 a.s. For a small, we have that almost surely dim(i? + /)[0, 1] = 3 — 2a, 
which is a special case of [H Theorem 1]. 



So far we have obtained bounds for the Hausdorff dimension of the image oi B + f. Similar 
results to the ones proved for the image hold also for the graph and the proofs use the same 
methods as before. We will only point out the parts where they differ. 



Proof of Theorem \1.9\ (a). To show that dimG{B + /)>§, we will adapt the proof of 



T2I Theorem 4.29 a]. Let a < |. Define a random measure fi on the graph of + / by 

fi{A) = £({0 <t<l:{t,Bt + fit)) G A}). 
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We want to show that this measure has finite a-energy, i.e. that 



k-yr Jo 7o {\t-s\^ + \Bt + f{t)-B,-f{s)\^) 

Using again ()5.ip as in the proof of Theorem 11.81 we get that 

E ^- TT < E- ^ 



{\t - S|2 + \Bt + f{t) -Bs- 2 - {\t - s|2 + \Bt - 2 

Now the rest of the proof follows just as in [12^ Theorem 4.29 a]. 

It remains to show that dim G{B + f) > dimG(/). Let a < dimG(/). Then there exists a 
measure i' on G{f) such that £a{^) < oo. Then there exists a measure fi on [0, 1] such that 

u{A) = fi{{t:{tJ{t))eA}). 

Next we define a random measure n' on G{B + /) by n'{A) = fi{{t : {t,Bt + f{t)) £ A}). 
We will show that 
E{£a{n')) < oo, i.e. 

jg df,{s)df,{t) ^ ^ 

Jo Jo (|t-s|2 + |Si + /(t)-i?,-/(s)|2)f 

Using the same arguments as in the proof of Theorem 11.81 we get that 
E . 1 ^ 



(It - + IB, + /(t) - B. - /(sW-p - (If - »P + \f{t) - f{s)Pp 
and thus the result follows since E(iSc»(z^)) < oo. □ 

Proof of Theorem \1.9\ (b). We have that almost surely dimG(-B + /) > 2 from Theorem 
11.81 since the dimension of the graph is always bigger than the dimension of the image. We 
only need to show that it is greater than the dimension of the graph of /. To prove that we 
use the energy method just as in the proof for the case d = 1. □ 



Question 



Can the zero-one law (Theorem I l.ip be extended to Gaussian processes X with dependent 
increments, e.g. fractional Brownian motion or the Gaussian Free Field in a domain U C M'^? 
For example, does {C{X + f){A) > 0} satisfy a 0-1 law? 
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